Three-dimensional (3-D) vibration analysis of thick functionally graded plates and cylindrical shells with arbitrary boundary conditions is presented in this chapter. The effective material properties of functionally graded structures vary continuously in the thickness direction according to the simple power-law distributions in terms of volume fraction of constituents and are estimated by Voigt's rule of mixture. By using the artificial spring boundary technique, the general boundary conditions can be obtained by setting proper spring stiffness. All displacements of the functionally graded plates and shells are expanded in the form of the linear superposition of standard 3-D cosine series and several supplementary functions, which are introduced to remove potential discontinuity problems with the original displacements along the edge. The Rayleigh-Ritz procedure is used to yield the accurate solutions. The convergence, accuracy and reliability of the current formulation are verified by numerical examples and by comparing the current results with those in published literature. Furthermore, the influence of the geometrical parameters and elastic foundation on the frequencies of rectangular plates and cylindrical shells is investigated.
Introduction
Functionally graded materials (FGMs) are a new type of composite materials with smooth and continuous variation in material properties in desired directions. This is achieved by gradually varying the volume fraction of the constituent materials. Such materials possess various advantages over conventional composite laminates, such as smaller stress concentration, higher fracture toughness and improved residual stress distribution. Recently, the FGMs have been used to build plate and shell components in various engineering applications, especially mechanical, aerospace, marine and civil engineering. In some cases, those FGM plates and shells are frequently subjected to dynamic loads, which leads to the vibration behaviours, which may cause fatigue damage and result in severe reduction in the strength and stability of the whole structures. Therefore, the vibration analysis of the FGM plates and shells is required and it is important to provide insight into dynamic behaviours and optimal design.
It is well known that vibration problems deal with two main concepts: plate and shell theories and computational approaches. The development of plate and shell theories has been subjected to significant research interest for many years, and many plate and shell theories have been proposed and developed. The main plate and shell theories can be classified into two categories: two-dimensional (2-D) plate and shell theories, including classic plate and shell theory (CPT) [1] [2] [3] [4] , the first-order shear deformation theory (FSDT) [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , and the higher order shear deformation theory (HSDT) [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , and three-dimensional (3-D) theory of elasticity [27] [28] [29] [30] [31] [32] [33] [34] [35] . However, all 2-D theories are approximate because they were developed based on certain kinematic assumptions that result in relatively simple expression and derivation of solutions. Actually, 3-D elasticity theory, which does not rely on any hypotheses about the distribution field of deformations and stress, not only provides realistic results but also allows for further physical insight. More attempts have been made for 3-D vibration analysis of plates and shells in the recent decades. Furthermore, many analytical, semi-analytical and numerical computational methods have also been developed, such as Ritz method, state-space method, differential quadrature method (DQM), Galerkin method, meshless method, finite element method (FEM) and discrete singular convolution (DSC) approach.
However, a close scrutiny of the literature in this field reveals that most investigations were carried out based on 2-D plate and shell theories, and a general 3-D solution for this subject seems to be limited. Moreover, the review also reveals that most of previous research efforts were restricted to vibration problems of FGM plates and shells with limited sets of classical boundary conditions. It is well recognized that there exist various possible boundary restraint cases for plates and shells in practical assembly and engineering applications. Consequently, it is necessary and of great significance to develop a unified, efficient and accurate method that is capable of universally dealing with FGM plates and shells with general boundary conditions.
In view of these apparent voids, the aim of this chapter is to develop an accurate semi-analysis method that is capable of dealing with vibrations of FGM plates and shells with general boundary conditions, including classical boundaries, elastic supports and their combinations and to provide a summary of known 3-D results of plates and shells with general boundary conditions, which may serve as benchmark solutions for future researches in this field.
In this chapter, 3-D vibration analysis of thick functionally graded plates and cylindrical shells with arbitrary elastic restraints is presented. The effective material properties of functionally graded structures vary continuously in the thickness direction according to the simple powerlaw distributions in terms of volume fraction of constituents and are estimated by Voigt's rule of mixture. By using the artificial spring boundary technique, the general boundary conditions can be obtained by setting proper spring stiffness. All displacements of the functionally graded plates and shells are expanded in the form of the linear superposition of standard 3-D cosine series and several supplementary functions, which are introduced to remove potential discontinuity problems with the original displacements along the edge. The RayleighRitz procedure is used to yield the accurate solutions.
Theoretical formulations

Preliminaries
A differential element of a shell with uniform thickness h is considered, as shown in Fig. 1 . An orthogonal curvilinear coordinate system composed of coordinates α, β and z coordinates is located on the bottom surface. The u, v and w denote the displacement components of an arbitrary point in the α, β and z directions, respectively. Within the context of 3-D elasticity theory, the linear strain-displacement relations can be expressed as follows [36] :
where ε α , ε β , ε z , ε βz , ε αz and ε αβ are the normal and shear strain components, and h α , h β and h z are Lame coefficients. In engineering applications, plates and shells are the basic structural elements. For the sake of brevity, this chapter will be confined to rectangular plates and cylindrical shells. According to Fig. 2 , the coordinate systems and Lame coefficients are given as follows [36] : for rectangular plates,
and for cylindrical shells,
The explicit expressions of strains can be obtained by substituting above quantities into Eqs. (1) (2) (3) (4) (5) (6) . The 3-D linear constitutive relations for the plates and shells can be written as follows: 
where Q ij (i, j = 1-6) are the elastic coefficients and are given as: 
where E(r) and μ(r) are the effective Young's modulus and Poisson's ratio of a FGMs, respectively. In this chapter, it is assumed that the FGMs are manufactured by ceramic and metallic constituents, and the effective material properties of FGMs can be expressed as follows [37] : 
where E, μ, ρ and V are Young's modulus, Poisson's ratio, density and volume fraction, respectively. The subscripts c and m donate the ceramic and metallic constituents, respectively. The ceramic volume fraction follows simple power-law distribution:
where z is the thickness coordinate, and p is the power-law index that takes only positive values. The value of p equal to zero represents a fully ceramic plate, whereas infinite p indicates a fully metallic plate.
In this work, the general boundary conditions can be described in terms of three groups of springs (k u , k v , k w ). Taking edge α = constant, for example, the boundary conditions can be given as follows:
, ,
where the superscripts α1 and α2 denote the edges of α = 0 and α = L 1 , respectively. For the rectangular plates, the similar conditions exist for the edges of β = constant. The classical boundary conditions and elastic restrains can be obtained by easily changing the values of boundary spring.
Energy functional
The energy functional of plates or shells can be expressed as follows:
where T is kinetic energy, U is elastic strain energy, and P denotes the potential energy stored in boundary springs.
The kinetic energy T can be written as follows:
where the over dot represents the differentiation with respect to time.
The strain energy U can be written in an integral form as follows:
( ) The potential energy (P) stored in the boundary springs is given as follows:
where S αi and S βi denote the area of boundary surfaces.
Admissible functions
It is crucially important to construct the appropriate admissible displacement functions in the Rayleigh-Ritz method. Beam functions, orthogonal polynomials and Fourier series are often used as displacement functions of plates and shells. However, the use of beam function will lead to at least a very tedious solution process [38] . The problem with using a complete set of orthogonal polynomials is that the higher-order polynomials tend to become numerically unstable because of the computer round-off errors [38, 39] . These numerical difficulties can be avoided by the Fourier series because the Fourier series constitute a complete set and exhibit an excellent numerical stability. However, when the displacements are expressed in terms of conventional Fourier series, discontinuities potentially exist in the original displacements and 
and c lmn are the unknown coefficients that need to be determined in future. ω is the circular frequency and t is the time variable. ξ lα , ξ lβ and ξ lz represent a set of closed-form sufficiently smooth functions introduced to remove the discontinuities of the original displacement functions and their derivatives at edges and then to accelerate the convergence of the series representations. According to the 3-D elasticity theory, it is required that at least two-order derivatives of the displacement functions exist and continuous at any point. Consequently, two auxiliary functions in every direction are supplemented, as shown in Eqs. (17) (18) (19) . The auxiliary functions are given as follows:
It is easy to verify that
The similar conditions exist for the β-and z-related polynomials. It should be mentioned that as the circumferential symmetry of the cylindrical shells in the coordinate θ, the 3-D problem of the cylindrical shell can be transformed to 2-D analysis by using the Fourier series in circumferential direction.
Solution procedure
Substituting Eqs. (14-16) into Eq. (13) together with the displacement functions defined in Eqs. (17) (18) (19) and performing the Rayleigh-Ritz operation, a set of linear algebraic equation against the unknown coefficients can be obtained as follows:
where K is the total stiffness matrix for the structure and M is the total mass matrix. Both of them are symmetric matrices. X is the column matrix composed of unknown coefficients expressed in the following form: where   000  100  2   100  2  100  2 , , , , , , 000  100  2   100  2  100  2 , , , 
The frequencies can be determined by solving Eq. (25) 
Numerical examples and discussion
In this section, several vibration results of FGM plates and cylindrical shells with general boundary conditions are presented to illustrate the accuracy and reliability of the current formulation. To simplify presentation, C, S, F and E denote the clamped, simply supported, free and elastic restraints. Three types of elastic boundary conditions designated by symbols E 1 , E 2 and E 3 are considered. E 1 -type edge is considered to be elastic in normal direction; the support type E 2 only allows elastically restrained displacement in both tangential directions; when all of three displacements along the edges are elastically restrained, the edge support is defined by E 3 . The expressions of the different boundary conditions along the edge α = 0 are given as follows:
Free boundary condition (F): 
A simple letter is used to describe the boundary conditions of structure. For example, SFCE denotes a plate having simply supported boundary condition at α = 0, free boundary condition at β = 0, clamped boundary condition at α = L α , and elastic restraint at β = L β ; CS denotes a cylindrical shell having clamped boundary condition at α = 0 and simply supported boundary condition at α = L α .
Rectangular plates
In 
Convergence study
Theoretically, there are infinite terms in the modified Fourier series solution. However, the series is numerically truncated, and only finite terms are counted in actual calculations. The convergence of this method will be checked. The geometrical parameters are given as follows: a/b = 1 and h/b = 0.1, 0.2 and 0.5. The powerlaw index p is taken to be p = 1. It is obvious that the results of this study show a monotonic trend, and the solutions converge quite rapidly as the truncated number increases. In the following examples, the truncated numbers of the displacement expressions will be uniformly selected as M × N × Q = 13 × 13 × 8. As aforementioned, the boundary conditions can be easily obtained via changing the value of boundary springs. Therefore, the accuracy of the current method is strongly influenced by the values of springs' stiffness. To determine the appropriate values of spring's stiffness, the effects of elastic parameters on the frequencies of the FGM plate are investigated. The elastic parameter Γ is defined as ratios of corresponding spring's stiffness to bending stiffness D c = E c h Table 2 . It is obvious that the increase of the elastic parameter leads to increase of the frequency parameters. When Γ ≥10 7 , the influence of the elastic parameters on the frequencies of the plates can be neglected. The clamped boundary conditions can be simulated by assuming the elastic parameters equal to 10 9 . The elastic boundary conditions can be obtained by assuming the elastic parameters equal to 100. Table 2 . The first three frequency parameters Ω of the FGM square plates with different elastic parameters Γ (p=1).
Plate with general boundary conditions
To illustrate the accuracy of the present method, the comparisons of the current results with those in the published literature are presented. Table 3 presents the first two frequency parameters of the FGM square plates with different boundary conditions. The results are compared with those presented by Huang et al. [32] using the Ritz method on the basis of 3-D elasticity theory. Table 4 presents the fundamental frequency parameters of the FGM square plates with SSSS boundary conditions. Numerical vibration results for the same problems have been reported by Hosseini-Hashemi et al. [18] and Matsunaga [20] , are studied. The power-law exponent is taken to be p = 0.6, 1, 5 and 10. From tables, it is obvious that the fundamental frequency of the plate strongly depends on the values of geometrical parameters, power-law index and boundary conditions. For the plates with classic boundary conditions, the foundational frequency parameters decrease with increase in the thickness-to-width ratio h/b. Except for plates with CFFF boundary conditions, the fundamental frequency parameters of the square plate (a/b = 1) are smaller than those of the plates with a/b = 2. The increase of the power-law index leads to decrease of the fundamental frequency parameter for all cases considered. For the plates with elastic restraints, the foundational frequency parameters increase as the length-to-width ratio a/b increases. Except for plates with h/b = 0.1 subjected to E 2 E 2 E 2 E 2 and E 3 E 3 E 3 E 3 boundary conditions, the foundational frequency parameters decrease with increase in the power-law index p. The effects of the thickness-to-width ratio h/b on the foundational frequency parameters are more complex. Table 6 . Foundational frequency parameters Ω of FGM rectangular plates with different elasticity boundary conditions.
Cylindrical shells
This section is concerned with the free vibration of FGM cylindrical shells with different boundary conditions. The convergence, accuracy and reliability of the present method are demonstrated by numerical examples and comparisons. New numerical results for the FGM cylindrical shells with the elastic boundary conditions are also presented. Unless stated otherwise the material properties for ceramic and metallic constituents of FGM cylindrical shells are given as follows: E c = 168 GPa, μ c = 0.3 and ρ c = 5700 kg/m
Mode shape 3 Mode shape 4 
Convergence study
The convergence studies of the first two frequencies for the completely free cylindrical shells with different circumferential wave numbers n are presented in Table 7 . The different thickness-to-radius ratios (i.e., h/R 0 = 0.1, 0.2 and 0.5) and circumferential wave numbers (i.e., n = 1, 2, 3 and 4) are considered. The power-law exponent is taken to be p = 1. From Table 7 , it is evident that the present method has a good convergence, and the truncated numbers of the displacement expressions will be uniformly selected as M × Q = 13 × 13. It is significant to investigate the effects of elastic parameters on the frequencies of the cylindrical shells. The cylindrical shells are restrained by only one kind of spring whose stiffness parameter ranges from 10 −1
to 10 10 at x = constant. The frequencies of the cylindrical shells with different circumferential wave numbers n are presented in Table 8 . The geometrical parameters are used as R 0 = 1 m, L/R 0 = 2 and h/R 0 = 0.2. The power-law index is taken to be p = 1. It is obvious that the increase of the elastic parameter leads to the increase of the frequency parameters. When Γ ≥10 7 , the influence of the elastic parameters on the frequencies of the plates can be neglected. The clamped boundary conditions can be simulated by assuming the elastic parameters equal to 10 9 . The elastic boundary conditions can be obtained by assuming the elastic parameters equal to 100.
Cylindrical shells with general boundary conditions
To illustrate the accuracy of the present method, the comparisons of the current results with those in published literature are presented. Table 9 The different boundary conditions, including CC, CS, SS, CF, SF, E 1 E 1 , E 2 E 2 and E 3 E 3 , are studied. The power-law exponent is taken to be p = 0, 0.6, 1, 2, 5, 10 and 20. It is observed from Table 11 that the boundary conditions have a significant effect on the frequencies of cylindrical shells. The higher constraints at edges may increase the flexural rigidity of the shell leading to higher frequency response. It is obvious that the increase of the thickness-to-radius ratio h/R 0 leads to the increase of the frequency parameters. It is also seen that the fundamental frequencies decrease as the power-law index increases. From Table 12 , the frequencies of shells also increase as thickness-to-radius ratio h/R 0 increases. However, the effects of the power-law index on the frequencies of shells became more complex. Some 3-D mode shapes for FGM cylindrical shells with different boundary conditions are shown in Figs. 5 and 6. 
Conclusions
A new 3-D exact solution for free vibration analysis of thick functionally graded plates and cylindrical shells with arbitrary boundary conditions is presented in this chapter. The effective material properties of functionally graded structures vary continuously in the thickness direction according to the simple power-law distributions in terms of volume fraction of constituents and are estimated by Voigt's rule of mixture. By using the artificial spring boundary technique, the general boundary conditions can be obtained by setting proper spring stiffness. All displacements of the functionally graded plates and shells are expanded in the form of the linear superposition of standard 3-D cosine series and several supplementary functions, which are introduced to remove potential discontinuity problems with the original displacements along the edge. The Rayleigh-Ritz procedure is used to yield the accurate solutions. The convergence, accuracy and reliability of this formulation are verified by numerical examples and by comparng the current results with those in published literature. The influence of the geometrical parameters and elastic foundation on the frequencies of rectangular plates and cylindrical shells is investigated.
